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Punch lines

e We have super Krawtchouk polynomials now.
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e We have super Krawtchouk polynomials now. Defined by gen. func.

e They are put in the framework of Lie superalgebras (gl).
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Punch lines

e We have super Krawtchouk polynomials now. Defined by gen. func.

e They are put in the framework of Lie superalgebras (gl). Something
special.

e They are orthogonal. Using rep theory.

e They have (fermionic) probability interpretation. “Quantum” stuff.

References
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First introduced by Mykhailo Kravchuk/Krawtchouk/Kpasuyk in 1929

® Generalize Hermite polynomials
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Krawtchouk Polynomials

First introduced by Mykhailo Kravchuk/Krawtchouk/Kpasuyk in 1929
® Generalize Hermite polynomials
® (Discrete) orthogonal
® Askey scheme: 2F1(2).
® Has nice prob theory applications/interpretation; see Griffiths’ [Gri71]
e Griffiths also proposed a multivariate version

e Iliev gave a Lie theoretic interpretation [I1i12]
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An example

Fix N € Z>o. For m,z € {0,1,..., N} =: [N] set

A+ 1-t)" =" Z Py, m; N,1/2) ™.

m=0

Some physics
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An example

Fix N € Z>o. For m,z € {0,1,..., N} =: [N] set

A+ 1-t)" ="

0

optional

(5 means even).

Orthogonality Some physics

<Z> Po(x,m; N,1/2)t™.

References
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An example

Fix N € Z>o. For m,z € {0,1,..., N} =: [N] set

A+ 1-t)" ="

0

optional

(5 means even). Orthogonality

N 21\7

]

x=0 m

Set up Orthogonality Some physics

<Z> Po(x,m; N,1/2)t™.

References
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An example

Fix N € Z>o. For m,z € {0,1,..., N} =: [N] set

<N> Po(x,m; N,1/2)t™.
m ——

optional

A+ 1-t)" ="

0

(5 means even). Orthogonality

> <Jz> Ps(z,m) Py, k) = Sk (QNN)

Explicitly

Py(z,0) =1, Py(z,1)= %(—23:—&-N)7 Py(z,2) = ﬁ <2a:2 — 2Nz + (Z))
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An example

Fix N € Z>o. For m,z € {0,1,..., N} =: [N] set

A+ 1-t)" =" <Z> Py, m; N,1/2) ™.

0

optional
(5 means even). Orthogonality
N N
N 2
Z Pﬁ(m’m) pﬁ(ka) = 6m,k N
=0 < z > (m)

Explicitly
1 1 2 N
Py(z,0) =1, Py(z,1)= N(—Qm—&—N), Py(z,2) = m 22" — 2Nz + 9
2

Wikipedia formulas equal up to a binom coeff.
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Prob. Interpretation

The corresponding underlying distribution is b(V, 1/2).
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Prob. Interpretation

The corresponding underlying distribution is b(V, 1/2).

Pg(x,m; N,1/2): po =p1 = 1/2.

References
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Prob. Interpretation

The corresponding underlying distribution is b(V, 1/2).

Po(z,m; N,1/2): po = p1 = 1/2. For general po + p1 =1,

(140N <1 _ ’L%)m _ zN: <Z> P, m; N,p1) ™.

b1 m=0
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Prob. Interpretation

The corresponding underlying distribution is b(V, 1/2).

Po(z,m; N,1/2): po = p1 = 1/2. For general po + p1 =1,

1+t <1 - ’L‘)t)m = EN: <Z> Pyl(x, m; N, p1)

b1 m=0

Orthogonality:

N
N\ . New 1
> (m) pipd " Py, m) Py, k) = Sm.k ol (@

=0 (m p1

tm

)

References
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Prob. Interpretation

The corresponding underlying distribution is b(V, 1/2).

Po(z,m; N,1/2): po = p1 = 1/2. For general po + p1 =1,

-+ <1 - ZLOt)m - zN: <Z> Po(w,m; N,pi) "™

b m=0
Orthogonality:
N m
N x N-—z 1 Po
ZO (33) P1 Po Pa(x,m) Pa(x,k) :6m,k m (171> .

Also: 3-term recurrence relation.
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Multivariate Krawtchouk

Need K := (p,p,U): (TLDR: more parameters; generalize po, p1)
1. scalar m + 1-tuples p,p € C™T1;
2. complex (m+ 1) x (m + 1) matrix U,
satisfying
1. po =po # 0;
2. U = (us,)iY—0o satisfies the normalization condition ug,; = ui 0 = 1 for
i,j € [m];

PUPU* = polm+1,
where P = diag(p), P = diag(p).
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Multivariate Krawtchouk

Need K := (p,p,U): (TLDR: more parameters; generalize po, p1)
1. scalar m + 1-tuples p,p € C™T1;
2. complex (m+ 1) x (m + 1) matrix U,

satisfying
1. po = po # 0;

2. U = (us,)iY—0o satisfies the normalization condition ug,; = ui 0 = 1 for
i,j € [m];

PUPU* = polm+1,

where P = diag(p), P = diag(p). (almost orthogonal)
Implies |p| = [p| =1 (sum = 1).
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Multivariate Krawtchouk

Need K := (p,p,U): (TLDR: more parameters; generalize po, p1)
1. scalar m + 1-tuples p,p € C™T1;
2. complex (m+ 1) x (m + 1) matrix U,

satisfying
1. po = po # 0;

2. U = (us,)iY—0o satisfies the normalization condition ug,; = ui 0 = 1 for
i,j € [m];

PUPU* = polm+1,

where P = diag(p), P = diag(p). (almost orthogonal)
Implies |p| = |p| =1 (sum = 1). (Like probabilities)
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Multivariate Krawtchouk

Need K := (p,p,U): (TLDR: more parameters; generalize po, p1)
1. scalar m + 1-tuples p,p € C™T1;
2. complex (m+ 1) x (m + 1) matrix U,
satisfying
1. po =po # 0;
2. U = (us,)iY—0o satisfies the normalization condition ug,; = ui 0 = 1 for
i,j € [m];

PUPU* = polm+1,
where P = diag(p), P = diag(p). (almost orthogonal)

Implies |p| = |p| =1 (sum = 1). (Like probabilities)

Related to character algebras.

Set u Orthogonality Some physics References
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Multivariate Krawtchouk

1. {t; : i € [m]}: m + 1 commuting indeterminates.
2. D € Z>o: total deg.

3. deg. indices o = (g, a1,...,am),& = (G0, A1,...,0m) € Z;;rl such
that |o| = |&| = D

1=0

H <Z u; jt ) => %Pa(a,a)ta. (1)

1 1

(Setting U = (1 po/p ) and to := 1 & t1 =t gives the 1-var example:
—DPo/p1

(1 +8)N" (1 - Z—?t)z = Z (Z) Po(z,m; N,p1)t™.)

m=0
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0Odd Krawtchouk polynomials

The same gen. func. set up gives the odd Krawtchouk.
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0Odd Krawtchouk polynomials

The same gen. func. set up gives the odd Krawtchouk.
Let A :=(q,q, V) be another tuple satisfying similar relations

QVQVt = QQIm+1.
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0Odd Krawtchouk polynomials

The same gen. func. set up gives the odd Krawtchouk.
Let A :=(q,q, V) be another tuple satisfying similar relations

QVQVt = QQIm+1.
Let {v; : j € [n]} be the Grassmann variables:

iy = —ibjpi,  foralli,j € [n], (= ;> =0)
1. total deg D € Z>o, D <n+1
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0Odd Krawtchouk polynomials

The same gen. func. set up gives the odd Krawtchouk.
Let A :=(q,q, V) be another tuple satisfying similar relations

QVQVt = QQIm+1.
Let {v; : j € [n]} be the Grassmann variables:
iy = —ibjpi,  foralli,j € [n], (= ;> =0)

1. total deg D € Z>o, D <n+1
2. deg indices ¢, ¢ € Z;”'H with |e| = |é] = D.
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0Odd Krawtchouk polynomials

The same gen. func. set up gives the odd Krawtchouk.
Let A :=(q,q, V) be another tuple satisfying similar relations

QVQVt = QQIm+1.
Let {v; : j € [n]} be the Grassmann variables:
iy = —ibjpi,  foralli,j € [n], (= ;> =0)

1. total deg D € Z>o, D <n+1
2. deg indices ¢, ¢ € Z;”'H with |e| = |é] = D.
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0Odd Krawtchouk polynomials

The same gen. func. set up gives the odd Krawtchouk.
Let A :=(q,q, V) be another tuple satisfying similar relations

QVQVt = QQIm+1.
Let {v; : j € [n]} be the Grassmann variables:
iy = —ibjpi,  foralli,j € [n], (= ;> =0)

1. total deg D € Z>o, D <n+1
2. deg indices ¢,¢ € ZyT! with |¢| = || = D

H <Z v; ij> = D'Pi(e, )y, )

i=0

where ¢ = ¢¢° - - - 15" are in the ascending order.
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0Odd Krawtchouk polynomials

Explicitly: A(e, €) := diag(é)V diag(e). Then

Prled) = = S detAru(e,d),
" 1|=]J|=D

References
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0Odd Krawtchouk polynomials

Explicitly: A(e, €) := diag(é)V diag(e). Then

1
pT(E,g) =5 E detAij(e, g),
" 1|=]J|=D

Reversing the roles of the € and € amounts to transposing the matrix V.

References
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Unified

To get super Krawtchouk polynomials: put K and A together.

Write
L :=={0,1,...,mlm+1,....m+n+1}.

References
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Some physics

0000000

Unified

To get super Krawtchouk polynomials: put K and A together.
Write
L :=1{0,1,...,mm+1,...,m+n+1}.

Set {zx : k € Iy} with z; :=¢; (commutative variables), for i € [m] and
Zm+14;5 = 10; (anticommutative) for j € [n]. t; and 1; commute.

References
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Unified

To get super Krawtchouk polynomials: put K and A together.

Write
L :=1{0,1,...,mm+1,...,m+n+1}.

Set {zx : k € Iy} with z; :=¢; (commutative variables), for i € [m] and
Zm+14;5 = 10; (anticommutative) for j € [n]. t; and 1; commute.

Put ¢; and &; together, write down a similar gen. func., collet the terms,
and you get

1
Pla,e,d,é) = <5) Pola, &K, D — d)Py(e, & A, d). (4)

Some physics References
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Unified

To get super Krawtchouk polynomials: put K and A together.

Write
L :=1{0,1,...,mm+1,...,m+n+1}.

Set {zx : k € Iy} with z; :=¢; (commutative variables), for i € [m] and
Zm+14;5 = 10; (anticommutative) for j € [n]. t; and 1; commute.

Put ¢; and &; together, write down a similar gen. func., collet the terms,
and you get

-1
D
Ploye, b, €) = <d> Pola,a; K, D — d)Pyr(e, & A, d). (4)
Here D = |(a,€)| and d = |e].

Stuff I'm hiding under the rug Set (A|B) := diag(A|B) = <13 g) . Set

Y = (yij)ijel,,, = (UIV). Then

m|n

(P 'Plag ' Q)Y (PIQ)Y" = Imyni2.



Generating Function

Let Apy|p 1= zggrl x Z5th,

AD

m|n °

= {(a,e) S Amln : |(a»€)| = D}

«O» «Fr «

DA 4127
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Generating Function

Let Ay i= 200 x 2870, AR = {(a,€) € Amyn ¢ [(@,€)] = D}
For (&,¢€) € Aﬁln we write
(&,8);

H Z Yi,j %5 = Z %'P(a,e,&,é;K,A,D)z(a’e). (5)

iEHm\n jelm\n (a,e)eAg‘n
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Generating Function

Let Apypn o= 200 x 257, AR = {(e, €) € Appn : [(@, ) = D}.

For (&,¢€) € Amln we write
(&,8);
D! o (o)
H Z Yi,jZ%j = Z Q'P(a,s,a,e;K,A,D)z . (5)
iEHm\n jelm\n (a,e)EAg‘n :
Thus Dyt
Plane,a,d = () Pole.aK, D - dP(caAd). (6)

Note P(a, €, &, €) = 0 unless
(0,0 (@,8) € AD 4 = {(a,0) € AL ¢ el =d}.

mln
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Lie superalgebra

g = gl(m + 1|n + 1): square matrices.
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Lie superalgebra

g = gl(m + 1|n + 1): square matrices. Even gg: NW-SE; Odd g: NE-SW
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Lie superalgebra

g = gl(m + 1|n + 1): square matrices. Even gg: NW-SE; Odd g: NE-SW

m+1 n+1
m+1 01
n+1 110

[X,Y]= XY — (-)X My x,

Supercommutator:
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Lie superalgebra

g = gl(m + 1|n + 1): square matrices. Even gg: NW-SE; Odd g: NE-SW

m+1 n+1
m+1 01
n+1 110

[X,Y] = XY — (=) Myx,

Supercommutator:

g has: _

¢ 2 Cartans h = standard diagonal; h = some non-diagonal, obtained via
certain change of basis using U, V, P,Q, P, Q from K, A.

e An antiautomorphism ¢: also defined using K, A, and the supertranspose.

o fixed both b, b.
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Superpolynomial module

PP space of deg D homogeneous poly in {z; : i € [m]} and {&; : j € [n]}.
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Superpolynomial module

PP space of deg D homogeneous poly in {z; : i € [m]} and {&; : j € [n]}.
Write

w; = x4, for i € [m]; wWmiiy; =& for j € [n];  0i = Ou, for i € L.

Then E; ; € g acts on B by
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Superpolynomial module

PP space of deg D homogeneous poly in {z; : i € [m]} and {&; : j € [n]}.
Write
w; = x4, for i € [m]; wWmiiy; =& for j € [n];  0i = Ou, for i € L.

Then E; ; € g acts on B by

Example. 0¢y6162 = 04 (—1)§10¢,62 = —&1 obeys the super Leibniz rule.

As usual zg%z{t - E° - - &5 =: x¥€° form an h-weight basis

{276 (a,0) € A}
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Weight bases
{z%€¢° : (v, €) € Aﬁln}: an h-weight basis.
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Weight bases

{z%€¢° : (v, €) € Aﬁln}: an h-weight basis.
{ZP6" : (a,€) € Aﬁ‘n}: an h-weight basis. (Introduced using data K, A)

References
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Weight bases

{z%¢° : (ay€) € m‘n} an h-weight basis.
{ZP6" : (a,€) € m‘n} an h-weight basis. (Introduced using data K, A)
0, x: Explicit const produced by K, A resp.

Theorem A

The super Krawtchouk polynomials P(a, €, &, €) = P(a, €, &, 6K, A, D)
arise, up to explicit scalars, as entries of the transition matrices between the
b- and b-weight bases for the module B . Specifically, we have

~afé _ pD—d~d s
P =0"RD Y Played @) -atE, (7)
(a,e)€Aﬁl_nd’d
¢ =0""%'Dl Y Plaea YLt guge ®)
= . ) €y &y al .

(a, e)EAD e
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Weight bases

{z%¢° : (ay€) € m‘n} an h-weight basis.
{ZP6" : (a,€) € m‘n} an h-weight basis. (Introduced using data K, A)
0, x: Explicit const produced by K, A resp.

Theorem A

The super Krawtchouk polynomials P(a, €, &, €) = P(a, €, &, 6K, A, D)
arise, up to explicit scalars, as entries of the transition matrices between the
b- and b-weight bases for the module B . Specifically, we have

~&fE _ gD—d~d ) N

g =0""RDl > Plae,& &=z, (7)
(a,e)EAﬁl_nd’d

¢ =0""%'Dl Y Plaea YLt guge ®)
. b ) &' *
(a, e)EAD il

Proof by computation.
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Orthogonality

Theorem B

Let (a,¢€), (@, €),(8,m), (5, 7) € Aiﬁf’d. The super Krawtchouk polynomials
satisfy the following orthogonality condition

D! 5 o D—d _d
Y B Plese & EP(ae, Bil) = 8y e Lo d0
o S o m Dl pg
A n
D | pP—dgd
Z paqETP(av 676‘3 6)7)(/8’7775‘5 g) = 601,[3667]0[7170~ ~q0 °
- a! D! pege
(&,8)eAPT%e

m|n

References
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Orthogonality

Theorem B generalizes the classical result.
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Orthogonality

Theorem B generalizes the classical result. The proof needs some
preparation.

e On PP, we set

|
g0l for all (a0, (8,7) € AT

WARNING: not supersymmetric. That would mean (£,£) = 0. Not
what we want.

<x&fsv‘rﬂfn> = 0a,80¢,n

References
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Orthogonality

Theorem B generalizes the classical result. The proof needs some
preparation.

e On PP, we set

|
(6% ||

(276", 7") 1= a8y o0k, for all (@, €), (B,1) € Apjn.

WARNING: not supersymmetric. That would mean (£,£) = 0. Not
what we want.

® A key point: (-, —) is still diagonal with respect to the tilde basis
{37€": (a,) € A, )

(:ra§6 ~B§") = du,a0¢, T'p - 0‘0“ le I for all (o, €), (B,m) € Am‘n

References
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Orthogonality

(@€, 7€) = 60,50 S _glolgle

Even: essentially an induction on the degree |a.

References
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Orthogonality

Lfafe,fﬂfn = 6050, ol 0\04 lel
n Dt €

Even: essentially an induction on the degree |a|. The odd part requires
some new insight.

References



Background Set up

[e]e]e}

Orthogonality Some physics
000000000 00e000 0000000
Orthogonality
< aé.e ~/3£n> 5 (S 0\04 \€|
€z = 0a,B0¢,n Poge

Even: essentially an induction on the degree |a|. The odd part requires
some new insight.

g = gl(m + 1|n + 1) has the parity Z2-grading.

References
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Orthogonality
< GSE ~/3§77> 50 50e 0\04 lel
€z = Oa,B9%,n

a €

Even: essentially an induction on the degree |a|. The odd part requires
some new insight.

g = gl(m + 1|n + 1) has the parity Zs-grading. Here is a finer description.
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Orthogonality
~ a
(5°€°,37€") = bapdem -6l

Even: essentially an induction on the degree |a|. The odd part requires
some new insight.
g = gl(m + 1|n + 1) has the parity Zs-grading. Here is a finer description.

Definition (Multi-co r grading)

On Ly, ={0,...,mm+1,....m+n+1} set|i| =0 if i <m and |i| =1
if i > m+ 1. Let vy, denote the k-th standard basis of Zi+*. Whenever

k <0, the symbol vy, is regarded as 0.

For E; ; € g, define

Eij = |ilvi_(m+1) + 50— (m+1) € Z5 T

E.g. In gi(2)3) with I, = {0,1]2,3,4}, Fos = (1,0,0), Bz = (0,1,1) while
E44 = (0,0,0). Records which odd indices occur mod 2.
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Orthogonality

Let g. := Span{F; ; : E;; = €} for e € Z3'. Thus

i= P e

GGZ;+1

From a physics point of view, it records which fermionic positions in FE; ;
modulo 2.
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[9e; 9n] C Getn-
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The usual Zz-super grading is consistent with this multi-color Zg+1-grading:

[9e; 9n] C Getn-

Remark. This new grading is a refinement of the Zs-parity explicitly under
the map

Z5TY = Zo:m |y (mod 2)
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Orthogonality

The usual Zsz-super grading is consistent with this multi-color Zg+1-grading:

[9e; 9n] C Getn-

Remark. This new grading is a refinement of the Zs-parity explicitly under
the map
Z5TY = Zo:m |y (mod 2)

In the sense of [Sch79], this gives a Z31'-graded 7-Lie algebra structure
where 7 : Z31! — C* : 5+ (—1)"! is a character; compare [Pri97].
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Orthogonality

The g-mod B has a compatible grading too.
For z%¢¢ € pP:

330‘55 = (60., .. .,Gn) S Z;H_l, then Ei’j.;r"‘g‘f = Ei’j + wa&‘e.

References
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Orthogonality

The g-mod BP has a compatible grading too.
For 2¢¢ € pP:

Jiafe = (Eo, . ,6,1,) S Zg+1, then El-’j.a:"‘gf = Eiyj + I[}‘ng.

Proposition

For all homogeneous X € g and u,v € B, we have
(X, v) = (1), o(X).0). ©)
(- means dot prod. on Z3 ™)

Here ¢ is a map that “captures” K, A and the supertranspose in g.

Set up Orthogonality Some physics References
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Goal: odd Krawtchouk ~» Fermionic prob (story 1) & spherical function
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Goal: odd Krawtchouk ~» Fermionic prob (story 1) & spherical function
(story 2)

Data: A = (q,q,V) where p,p are assumed to be real positive, and
V'€ Mpnjxn)(R).
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Fock Space Set-up

Goal: odd Krawtchouk ~» Fermionic prob (story 1) & spherical function
(story 2)

Data: A = (q,q,V) where p,p are assumed to be real positive, and
V'€ Mpnjxn)(R).

o Consider a fermion with state space W := R™™! = Span{e; : j € [n]}.
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Fock Space Set-up

Goal: odd Krawtchouk ~» Fermionic prob (story 1) & spherical function
(story 2)

Data: A = (q,q,V) where p,p are assumed to be real positive, and
V'€ Mpnjxn)(R).

e Consider a fermion with state space W := R™"* = Span{e; : j € [n]}. The
associated Fock space is
n+1 J

f:@/\w.

F@D = A*W: state space of an ensemble of d identical fermions.

Orthogonality Some physics References
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Fock Space Set-up

Goal: odd Krawtchouk ~» Fermionic prob (story 1) & spherical function
(story 2)

Data: A = (q,q,V) where p,p are assumed to be real positive, and
V'€ Mpnjxn)(R).

e Consider a fermion with state space W := R™™! = Span{e; : j € [n]}. The

associated Fock space is
n+1 J

f:@/\w.

F@D = A*W: state space of an ensemble of d identical fermions.

Antisymmetry of the exterior products = Pauli exclusion principle
(ei Ne; = 0)

>und Set up Orthogonality Some physics References
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Orthogonality

Some physics
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Oriented Grassmannian

e For any oriented orthonormal basis { fo, f1,..., fa—1} for W,

fo AN fi A+ A fa—1 uniquely corresponds to an oriented d-dimensional
subspace of W spanned by f;’s.

References
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Oriented Grassmannian

e For any oriented orthonormal basis { fo, f1,..., fa—1} for W,
fo AN fi A+ A fa—1 uniquely corresponds to an oriented d-dimensional

subspace of W spanned by f;’s. (Sometimes called the Slater determinant
(see [AdS20]) in quantum physics.)

Orthogonality Some physics References
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Oriented Grassmannian

e For any oriented orthonormal basis { fo, f1,..., fa—1} for W,

fo AN fi A+ A fa—1 uniquely corresponds to an oriented d-dimensional
subspace of W spanned by f;’s. (Sometimes called the Slater determinant
(see [AdS20]) in quantum physics.)

e Let G:=SO(n+1) and K := SO(d) x SO(n+ 1 —d).

Gr(n+1,d):=S0O(n+1)/S0(d) x SO(n+1—-d) =G/K.

# 0 simple wedges (up to a positive scalar) naturally corresponds to points
in Gr(n+1,4d).
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Oriented Grassmannian

e For any oriented orthonormal basis { fo, f1,..., fa—1} for W,

fo AN fi A+ A fa—1 uniquely corresponds to an oriented d-dimensional
subspace of W spanned by f;’s. (Sometimes called the Slater determinant
(see [AdS20]) in quantum physics.)

e Let G:=SO(n+1) and K := SO(d) x SO(n+ 1 —d).

Gr(n+1,d):=S0O(n+1)/S0(d) x SO(n+1—-d) =G/K.

# 0 simple wedges (up to a positive scalar) naturally corresponds to points
in Gr(n+1,4d).

Fock ~» G/K



000000000 000000 [e]e] le]elele)

Story 1: Fermion Probabilities

o For [ = {i 1ig <i1 < - <ig—1} C[n]set er:=ejy Aeyy A=+~ Neiy -
Then for any g € GL

g.ej = Z det(gr,7)er. (10)
[1]=d

(coefficients are the Pliicker coordinates of g.P; = Span{e; : j € J})
e Fix |J| =d. For g € SO(n + 1) the vector g.e; as in Eq. (10) has norm 1.
Hence

Py := | det(gr.s)|* (11)

form a probability distribution on the set of size-d index subsets

{1C ) 1] = dy.

e In the fermionic interpretation of AW, this is the probability distribution
obtained by expressing the state g.es in the occupation basis {es : |I| = d},
cf. [Got07, Section 2].

1d Set up Orthogonality Some physics References
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Story 1: Fermion Probabilities

o For [ = {i 1ig <i1 < - <ig—1} C[n]set er:=ejy Aeyy A=+~ Neiy -
Then for any g € GL

g.ej = Z det(gr,7)er. (10)
[1]=d

(coefficients are the Pliicker coordinates of g.P; = Span{e; : j € J})
e Fix |J| =d. For g € SO(n + 1) the vector g.e; as in Eq. (10) has norm 1.
Hence

Py := | det(gr.s)|* (11)

form a probability distribution on the set of size-d index subsets

{1C ) 1] = dy.

e In the fermionic interpretation of AW, this is the probability distribution
obtained by expressing the state g.es in the occupation basis {es : |I| = d},
cf. [Got07, Section 2].

Fock ~» Ferm. prob.

1d Set up Orthogonality Some physics References
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Story 2: Rep theory
o W =R"!: natural G = SO(n + 1)-mod. G acts on F via
g.(uo A+ Aug—1) := (g.uo) A -+ A (g-ug—1)-

¢ (G,K) = (50(n+1),50(d) x SO(n+1—d)): G-mod A\*W is typically

n+1

irreducible, except a middle case when n + 1 is even and d = . Here

/\d W splits into two irreducible components.
e These mods are K-spherical

d
vE =egANet AN ANeg_q G/\W.
Since for (ko, k1) € SO(d) x SO(n+1—d),

(ko, k1).’l)K = ko(eo A A edfl) = (det ko)UK = ’UK.
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Zonal spherical function

e The associated (zonal) spherical function is

$a(g) = (", g0"),  geaq.
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Zonal spherical function

e The associated (zonal) spherical function is

pa(g) = (v, go™), gEQG.

® Recall QVQV* = qoln 41 for A = (g,G,V). May pick Q"/? and Q'/* so
that
g=gv:=q5 *Q"?VQY? € SO(n+1). (12)

det gz, is exactly given by (er, g.es).

Orthogonality Some physics References
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Zonal spherical function

e The associated (zonal) spherical function is

¢a(g) == (v", go™),  geG.
® Recall QVQV* = qoln 41 for A = (g,G,V). May pick Q"/? and Q'/* so
that ~
g=gv =q, ?Q*VQ* € SO(n +1). (12)
det gz, is exactly given by (er, g.es).
e (G acts transitively on oriented bases, may choose or1,0; € G such that

K _ K _
gr.v =€y, agj.v = €J.

Orthogonality Some physics References
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(er,g.es) = (orv™, gos.0™)
= (", 07 gos0™)
= ¢a(a7 'g0). (13)
Choice-independent by the bi-K-invariance!
e Combining everything all together,

d/2 1 1
~ q -5 ~—3 — ~
Prle &) = = > 4y 2, *dalor ‘gvos)éres. (14)
S| =d

Coefficients of Pr(e, &) = weighted evaluation of ¢4 of Gr(n + 1,d).

Fock ~» G/K ~ Sph. func. evaluations

>und Set up Orthogonality Some physics References
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Interpretation
[ ]
/2
- 90 -5 3 —1 ~
/PT(G,E):T Z qr 2q; > palor gvoy)éres. (15)
L= =d

In view of the probability interpretation (story 1) above (Eq. (11)), the
squared norms of the evaluation of ¢4 are the transition probabilities of
different occupation basis dictated by A = (¢,4, V).

Fock ~» G/K ~ Sph. func. evaluations ~ Fermionic Prob.

Set up Orthogonality Some physics References
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