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1. Shimura: multivariate generalization of nearly holomorphic automorphic forms.
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Background

1. Shimura: multivariate generalization of nearly holomorphic automorphic forms.

2. Introduced certain G-invariant differential operators on a Hermitian X := G/K
[Shi90] Invariant differential operators on hermitian symmetric spaces, Ann. of Math.

3. Wanted symmetric & non-negative ones spanning the space of inv. diff. op. D(X)
e Simplest example: Laplace-Beltrami operator seneralize Laplace operator

4. Sahi & Zhang’s [SZ19]: spectrum of Shimura operators ~ Okounkov polynomials.

5. These are the even & symmetric polynomials with prescribed zeros (thus the word
interpolation).

6. The theory of symmetric functions gives answers to Shimura’s problem.
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In context (fratturs)

Let X := G/K be as above. Change the point of view to (complexified) Lie algebras.

(g, ®): Harish-Chandra decomposition [(—1, 0, 1)-grading]

g=p @topt(=tadp)
o optptl=pp =0, [pTp|Ce
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In context (fratturs)

D(X): algebra of invariant differential operators on X.
(18)® := 4le N U, Will also need the center 3 = 3(4).

1. ©:=

s Ut = 3p(Y);

U(g);
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3. © = y*/(Ue)®. This is the algebraic description of D.

4. 4°: D — A CP(a*): the Harish-Chandra isomorphism into certain poly. ring.
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In context (fratturs)

—_

. ®:=9(X): algebra of invariant differential operators on X.
i=U(g); U= 3e(8h);  (U8)® = e N UL Will also need the center 3 = 3(4).
2. g =t @ a®n: Iwasawa decomposition (Group: G = KAN). Here a is the Cartan
subspace in p = p~ @ pT. May identify S(a) with P(a*).
3. © = y*/(Ue)t. This is the algebraic description of .
4. 4°: D — A CP(a*): the Harish-Chandra isomorphism into certain poly. ring.
Good map! Essentially a symmetry-preserving projection.

5. 1! By definition 7° is just a homom.; the fact that it is an isom. is non-trivial. In
particular, we see that
D is a commutative algebra.

Discussed in Helgason’s Groups and Geometric Analysis, Chapter I1.
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P(n) = {N: L) <n}, PUn):={\e€ P(n): |\ =d}. (n: rank of X = G/K; dima.)
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Schmid decomposition and Shimura operators

P(n) = {N: L) <n}, PUn):={\e€ P(n): |\ =d}. (n: rank of X = G/K; dima.)
Schmid decomposition ([Sch70, FK90]) for ¢-mods (multiplicity-free):

&'pt) = P wnele)= P Wi
Ae P (n) e P24 (n)

Here we choose a form to identify p~ with (p%)*. The highest weights are parametrized
using the HC' strongly orthogonal roots.
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Schmid decomposition and Shimura operators

P(n) = {N: L) <n}, PUn):={\e€ P(n): |\ =d}. (n: rank of X = G/K; dima.)
Schmid decomposition ([Sch70, FK90]) for ¢-mods (multiplicity-free):

&'pt) = P wnele)= P Wi
Ae P (n) e P24 (n)

Here we choose a form to identify p~ with (p%)*. The highest weights are parametrized
using the HC' strongly orthogonal roots.

Shimura Operators (those “1s”)

Ende (W) = (Wi @ Wa)! < (6 (p7) @6 (pF))" 4t —» D
1+ Dy — 9
Call 2, the Shimura operator associated with X .

A basis parameterized by partitions! Nice images of 1’s.
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Recall the H-C isomorphism «° : ® — A. It captures/transports the Type BC symmetry
(restricted root system — polynomials).



Shimura Calogero—Moser—Sutherland System References
0000000000 0000000000000 0000000

Classical result

Recall the H-C isomorphism «° : ® — A. It captures/transports the Type BC symmetry
(restricted root system — polynomials).

Ende (W) — ® 15 A
1 =1Idy —— ~°%(2))



Shimura Calogero—Moser—Sutherland System References
0000000000 0000000000000 0000000

Classical result

Recall the H-C isomorphism «° : ® — A. It captures/transports the Type BC symmetry
(restricted root system — polynomials).

Ende (W) — ® 15 A
1 =1Idy —— ~°%(2))

Theorem (Sahi & Zhang [SZ19

We have ¥°(2y) = kaPx for some explicit ky # 0. Here Py’s are the Okounkov
polynomials.
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Classical result

Recall the H-C isomorphism «° : ® — A. It captures/transports the Type BC symmetry
(restricted root system — polynomials).

Ende (W) — ® 15 A
1 =1Idy —— ~°%(2))

Theorem (Sahi & Zhang [SZ19
We have ¥°(2y) = kaPx for some explicit ky # 0. Here Py’s are the Okounkov
polynomials.

Spectrum?

Let V), be the irreducible g-module (of the same highest weight as W,,). Then by the
Cartan-Helgason Theorem, V), has a spherical vector v*, i.e. £v* =0. D, € U* (2, € D)
acts on v* as 7°(2))(u + p), hence the word spectrum /eigenvalue!
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Lie Superalgebras

Definition (Lie object in SVect)

A Lie superalgebra is a vector superspace g = gy @ gy with a bilinear map [—, —]: g® g — g
that respects parity grading and satisfies

L [X,Y] = -(-1)XM[y, X]
2. [[X,Y],2] = [X,[Y, Z]] - (-)*M[y, [X, Z]]
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Lie Superalgebras

Definition (Lie object in SVect)

A Lie superalgebra is a vector superspace g = gy @ gy with a bilinear map [—, —]: g® g — g
that respects parity grading and satisfies

L [X,Y] = -(-1)XM[y, X]
2. [[X,Y],2] = [X,[Y, Z]] - (-)*M[y, [X, Z]]

(m|n):

EEO: %‘%) gly: (%) [X,Y]:=XY — (-1)XINVly X,

olw
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“Bad” news for super

No Weyl’s theorem on complete reducibility

Borels need not be conjugates

Isotropic roots (length zero) exist

No full Cartan—Helgason theorem on £-spherical g-mods
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“Bad” news for super

No Weyl’s theorem on complete reducibility

Borels need not be conjugates

Isotropic roots (length zero) exist

No full Cartan—Helgason theorem on £-spherical g-mods

Nonetheless...
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Supersymmetric Shimura operators

Fix g = gl(2p|2¢) and t = gl(plg) & gl(plq)-
H = H(p,q) :={\: \p11 < ¢} (hook partitions). % :={\ € H# : |\ =d}.
Super analog of the Schmid decomposition: ([CWO01, SSS20])

&lpt) = P W, &) = P Wi
Aezpd Aezpd

W), are of Type M, and dim Endg(W,) = 1. (Super version of Schur’s Lemma may include
the parity twist.) Set © = ¥ /(1¢)®.
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Supersymmetric Shimura operators

Fix g = gl(2p|2¢) and t = gl(plg) & gl(plq)-
H = H(p,q) :={\: \p11 < ¢} (hook partitions). % :={\ € H# : |\ =d}.
Super analog of the Schmid decomposition: ([CWO01, SSS20])

&) = P Wi &)= P Wi
el el

W), are of Type M, and dim Endg(W,) = 1. (Super version of Schur’s Lemma may include
the parity twist.) Set © = ¥ /(1¢)®.

Supersymmetric Shimura Operators [super cousins]

Ende (W) 2 (W @ Wy)' = (8(p7) @ &(pH))" =4 - D
D>\ — @)\

—_
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Results

And yes, the super Harish-Chandra isomorphism ~°:® — A°(a*) C B(a*) exists.
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2. A°(a*) is the ring of even supersymmetric polynomials on a*
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And yes, the super Harish-Chandra isomorphism ~° : ® — A°(a*) C B(a*) exists.

Likewise
1. D = Ut/ (818) is regarded as the space of diff. op.’s associated with (g, €)

2. A°(a*) is the ring of even supersymmetric polynomials on a*

It is again non-trivial that ° is an isom.
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Results

And yes, the super Harish-Chandra isomorphism ~° : ® — A°(a*) C B(a*) exists.
Likewise

1. D = Ut/ (818) is regarded as the space of diff. op.’s associated with (g, €)

2. A°(a*) is the ring of even supersymmetric polynomials on a*

It is again non-trivial that ° is an isom.

Theorem A (Sahi-Z. [S725

We have v°(2,) = k,J,, where k,, = (—1)I# i jen (pi—j+p;—i+1). Here J, are
Sergeev—Veselov interpolation polynomials.

The main thing is to show the vanishing properties defining those SV polys.
Classicaly: Can directly use f.d. spherical irrep.s to capture the action of 2,

Super: We don’t have “enough”!
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A nice diagram

The image of 1 under a good map is good.
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The image of 1 under a good map is good.

The image of 1 under a super good map is super good.

Good maps: Harish-Chandra isom +°; Images: certain symmetric polynomials.
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A nice diagram

The image of 1 under a good map is good.

The image of 1 under a super good map is super good.

Good maps: Harish-Chandra isom +°; Images: certain symmetric polynomials.

Shimura operators and interpolation polynomials

0 superization . .
Shimura Operators Supersymmetric Shimura Operators
on Hermitian sym. sp. of Hermitian sym. superpairs
[SZ19] [Zhu2b, SZ25]
superization

Okounkov Polynomials Sergeev—Veselov Polynomials
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Recap of the Shimura Story

1. Classical and super alike, we may study the Shimura operators ezplicitly defined via
rep theory (Schmid decompositions).
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3. There are enough of them, generating ©
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Recap of the Shimura Story

1. Classical and super alike, we may study the Shimura operators ezplicitly defined via
rep theory (Schmid decompositions).

[\]

. They live in ® (the space of diff. op.’s) which is commutative.

3. There are enough of them, generating ©

I

. (We also understand their spectra in terms of symmetric functions.)

(g,¢) pairs admitting an Iwasawa decomposition and having analogous Schmid decomp.

(Kantor-Koecher-Tits correspondence with Jordan superalgebras)
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Physics

1. Consider n particles on a line; each has momentum, and interacting with each other
through pairwise potentials.
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Physics

1. Consider n particles on a line; each has momentum, and interacting with each other
through pairwise potentials.

b1 b2 b3 P4
— —_— ——
—e ° ® ® q
qr~-_____ 2 ___- --3s g4
Vigs — q1)

2. The Hamiltonian ¢ = kinetic energy (quadratic in the momenta) + potential energy
(depending on positions)
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through pairwise potentials.

b1 b2 b3 P4
— —_— ——
—e ° ® ® q
qr~-_____ 2 ___- --3s g4
Vigs — q1)

2. The Hamiltonian ¢ = kinetic energy (quadratic in the momenta) + potential energy
(depending on positions)

3. Pairwise interaction ~» Type A root system. Can ask for general root system
configuration.
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Physics

1. Consider n particles on a line; each has momentum, and interacting with each other
through pairwise potentials.

b1 b2 b3 P4
— —_— ——
—e ° ® ® q
qr~-_____ 2 ___- --3s g4
Vigs — q1)

2. The Hamiltonian ¢ = kinetic energy (quadratic in the momenta) + potential energy
(depending on positions)

3. Pairwise interaction ~» Type A root system. Can ask for general root system
configuration.

4. We work with quantum setting: momenta = diff. op.’s, and the s = CMS diff. op.
of ord. 2.
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Integrability means...?

® Classical complete integrability: independent deg.-of-freedom many integrals of
motion, including the Hamiltonian, which pairwise Poisson {—, —}-commute.
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* Quantum complete integrability (in our setting): deg.-of-freedom many
pairwise commuting diff. op.’s (so [—, —] = 0), including the Hamiltonian, whose
principal symbols are algebraically independent.



Calogero—Moser—Sutherland System
O®@00000000000

Integrability means...?

® Classical complete integrability: independent deg.-of-freedom many integrals of
motion, including the Hamiltonian, which pairwise Poisson {—, —}-commute.

* Quantum complete integrability (in our setting): deg.-of-freedom many
pairwise commuting diff. op.’s (so [—, —] = 0), including the Hamiltonian, whose
principal symbols are algebraically independent.

Parameters Options
Potential V Rational (I); trigonometric (II)/hyperbolic (III); elliptic (IV)
Configuration Root systems ; deformed root systems ; can be even more general...

Our focus Trigonometric/hyperbolic type BC and its super analogs
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CMS Operator

In the quantum setting, the gauged Hamiltonian with hyperbolic potential is
L=A,+ Z M coth(a(z)) .
aext
® 3. root system, possibly non-reduced.
® mg: root multiplicity, which is W-inv. (Weyl group of 3.)

® Gauge: conjugation by an explicit function that makes our lives easier...
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L=A,+ Z M coth(a(z)) .
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® 3. root system, possibly non-reduced.
® mg: root multiplicity, which is W-inv. (Weyl group of 3.)
® Gauge: conjugation by an explicit function that makes our lives easier...

For type BC,,, quantum complete integrability = constructing pairwise commuting
differential operators of orders 2,4, ...,2n including £, whose principal symbols are
algebraically independent. (Evenness comes from BC symmetry.)
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CMS Operator

In the quantum setting, the gauged Hamiltonian with hyperbolic potential is

L=A,+ Z M coth(a(z)) .
aeXt
® 3. root system, possibly non-reduced.
® mg: root multiplicity, which is W-inv. (Weyl group of 3.)
® Gauge: conjugation by an explicit function that makes our lives easier...

For type BC,,, quantum complete integrability = constructing pairwise commuting
differential operators of orders 2,4, ...,2n including £, whose principal symbols are
algebraically independent. (Evenness comes from BC symmetry.)

In the non-super setting, Dunkl-type operators (which involve reflections) provide one
construction.



Shimura Calogero—Moser—Sutherland System References
00000000000 000@000000000 0000000

Radial Part

Now in geometry , we have radial parts of a diff. op.
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Radial Part

Now in geometry , we have radial parts of a diff. op.

Radial Part
V: a manifold, H: a Lie group acting on V', B: its Lie alg., W: a submanifold so that

Ve = (Hzx)y ® W,, for each 2 € W [Transversality]
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Now in geometry , we have radial parts of a diff. op.

Radial Part
V: a manifold, H: a Lie group acting on V', B: its Lie alg., W: a submanifold so that

Ve = (Hzx)y ® W,, for each 2 € W [Transversality]

Then V diff. op. D on V, 3! Rad(D) on W (the radial part of D) so that V (locally)
H-invariant f
(Df)lw = Rad(D)(f|w)
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Radial Part

Now in geometry , we have radial parts of a diff. op.

Radial Part
V: a manifold, H: a Lie group acting on V', B: its Lie alg., W: a submanifold so that

Ve = (Hzx)y ® W,, for each 2 € W [Transversality]

Then V diff. op. D on V, 3! Rad(D) on W (the radial part of D) so that V (locally)
H-invariant f
(Df)lw = Rad(D)(f|w)

In our context

V=X=G/K,H=K,h=%¢ W = AT.eK, where AT = exp(a™) of a Weyl chamber.
The tangent space is really a in the Iwasawa decomp.
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Upshot

Using “Helgason’s algorithm” [Hel00, Proposition 5.23, Ch. II] we can explicitly write
down Rad(D).

Shimura op.s’ radial part

Rad(Zn0) «x £ with some natural identification.
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Upshot

Using “Helgason’s algorithm” [Hel00, Proposition 5.23, Ch. II] we can explicitly write
down Rad(D).

Shimura op.s’ radial part

Rad(Zn0) «x £ with some natural identification.

Explicit calculation

Fix a bilinear form to identify (p*)* and p~ and pick bases {;lfl-i} for p= dual to each other. Then
%0 has the following representative in $(*

g
The Casimir Qg = Z ZoZ"+ Y (xfz; + 2 x)) is congruent to 2% mod Ue. But Rad(g) = L.

————r

Q

—> Rad(Zn) =1/2L.
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Upshot

A routine check verifies that taking radial parts is a homom.:

Rad(DE) = Rad(D)Rad(E)
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Upshot

[e]

A routine check verifies that taking radial parts is a homom.:
Rad(DFE) = Rad(D)Rad(FE)

Here comes the bridge between two stories: Now using the Shimura story, since we have
Dy (ord. 2|u|) for all p, the following op.’s

20, @H, @@7,@[,
|

are algebraically independent.

Quantum Integrability of £

All Rad(2,,) commute; in particular £ = 2Rad(Zn). Thus £ is quantum integrable.
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Deformed CMS

The deformed CMS operator in radial gauge is

L=As+ Z M coth(a(t))@a.

aext

References

0000000



Shimura Calogero—Moser—Sutherland System References
00000000000 0000000000000 0000000

Deformed CMS

The deformed CMS operator in radial gauge is

L=As+ Z M coth(a(t))@a.

aext

Deformed in the sense that

® Multiplicities m, are now
Mo = dim(ga ) — dim(ga)1-

® A, and J, use the invariant bilinear form, which need not be positive definite.

The p + ¢ coordinates remain ordinary commuting variables.
What should a super radial part be? The usual geometry doesn’t quite work....
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Geometry to algebra

Geometry

Algebra ( classical and super )

Symmetric space X = G/K, with o = eK.

Symmetric pair (g, t); write L = 4(g).

K-inv. functions on X: f € C(X)X. Equiv-
alently, bi-K-inv. functions F on G: F(kgk') =
F(g).

Bi-t-inv. linear functionals:
PIx ={f €U : flesl+ Ue) = 0}.
[SV17]

Inv. diff. op.’s D(X) preserves C®°(X)X.

For even D € U* set (Rpf)(u) = f(uD). This
action preserves Zx and descends to D = Ut /(s1E)¢.

Restriction to the positive chamber:

res(f) = f|A+~o'

The restricted functions lie in C*>° (A7 - o).

At = exp(a+),

Choose a basis Aq,..., A, of a:
) ; f(A
in=fo =y e
BENT
Set @x = j(Zx) C C[[t1,...,t;]]. Here 28 =
Zfl .'.ZTT

Thus we now consider (honest) diff. op.’s on formal power series!

References

0000000



Shimura

00000000000

Calogero—Moser—Sutherland System
0O0000000e0000

References

0000000

Geometry to algebra

Geometry

Algebra ( classical and super )

Co(X)K LB o=(x)K

TGSJ Jres

C>(At. O}ia?D?oo (At .0)

., R )
P —L 7

)| L

ox Radx (D) X

The radial part is a differential operator satisfying
resoD = Rad(D) ores.
It respects products:

Rad(DE) = Rad(D)Rad(E).

Once j is proved injective, define
Radx(D)=joRpoj L

This is an algebra homomorphism (for free!) into




Calogero—Moser—Sutherland System Refe
0000000008000 o

Results

Proposition

Let Z denote certain localized coefficient algebra, equipped with Oy, ...,0:, . For each
u € U there exists a diff. op. P, with Z coeff. such that

Proposition

The restriction map j : Zx — x is injective.
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Results

Proposition

Let Z denote certain localized coefficient algebra, equipped with Oy, ...,0:, . For each
u € U there exists a diff. op. P, with Z coeff. such that

Proposition

The restriction map j : Zx — x is injective.

Proof.
Suppose j(f) = 0. Then for all u € 4 we have P,(j(f)) = 0.
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Results

Proposition

Let Z denote certain localized coefficient algebra, equipped with Oy, ...,0:, . For each
u € U there exists a diff. op. P, with Z coeff. such that

Proposition

The restriction map j : Zx — x is injective.

Proof.
Suppose j(f) = 0. Then for all u € { we have P,(j(f)) = 0. But this implies f(‘:f[:“)tﬁ =0
for all 8. In particular when 8 = 0, we have f(u) = 0. O]
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Results

A similar computation shows that
1
Radx(2n) = §£

as operators on o/x.

Currently working on...

P,’s uniqueness; algebraic independence of Radx(Z,,).

With the above Radx in mind, using the Shimura theory, one can obtain a commuting
family of diff. op.’s of the algebraic radial parts of the Shimura operators. This would show
the quantum integrability of L.
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Scope and Disclosure

We expect this to work for all the Shimura pairs.
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Scope and Disclosure

We expect this to work for all the Shimura pairs.
But we should also point out the limitation:
1. These pairs give rise to BC-type symmetry, with root multiplicities determined by the
pair.
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Scope and Disclosure

We expect this to work for all the Shimura pairs.
But we should also point out the limitation:

1. These pairs give rise to BC-type symmetry, with root multiplicities determined by the
pair. In the classical setting, Heckman—-Opdam theory allows arbitrary multiplicity
parameters [HO87]. Can our construction admit a similar extension?

2. The Shimura theory provides an alternative proof of known integrability results. We
hope to extend it to new settings. (Other types of configurations/potentials etc.)



Shimura Calogero—Moser—Sutherland System References

0000000000080

Scope and Disclosure

We expect this to work for all the Shimura pairs.
But we should also point out the limitation:

1. These pairs give rise to BC-type symmetry, with root multiplicities determined by the
pair. In the classical setting, Heckman—-Opdam theory allows arbitrary multiplicity
parameters [HO87]. Can our construction admit a similar extension?

2. The Shimura theory provides an alternative proof of known integrability results. We
hope to extend it to new settings. (Other types of configurations/potentials etc.)

All problems and statements are human proposed. For the recent progress, Al suggested a
paper [SV17] we overlooked that essentially reveals the algebraic construction of radial
parts; Al also helps with computations and certain proof ideas.

All results are human checked.
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Thank you!
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Fix g = gl(2p|2q) and t = gl(p|q) ® gl(p|q). Embed ¢ into g:
A 0 B
A B A B’ o o A’ ] o B
c 1D ))\"c" D e} 0 D
o ¢ | o D

Here p+ (resp. p~ ) consists of matrices with non-zero entries only in the upper right (resp. bottom left) sub-blocks in each of the
four blocks.
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Set up

Fix g = gl(2p|2q) and t = gl(p|q) ® gl(p|q). Embed ¢ into g:

A o B 0
A B A B’ o A’ ] o B
(O\D)' c 1 D 7|7 o D o
o ¢ | o D

Here p+ (resp. p~ ) consists of matrices with non-zero entries only in the upper right (resp. bottom left) sub-blocks in each of the
four blocks.
Technical details:

1. Let J := %diag([, —I,I,—1I), and 6 := Adexp(inJ). Then 6 has fixed point subalgebra €.

2. The standard diagonal Cartan is denoted as t (in both g and &, “max. compact”)

3. Fix a 0-stable, maximally split Cartan h containing a, a maximal toral subalgebra in pg (for Iwasawa decomp.).
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Supersymmetric polynomials

For polynomials, supersymmetry = symmetry + translational invariance.
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Supersymmetric polynomials

For polynomials, supersymmetry = symmetry + translational invariance.
More precisely, in the Type BC situation:

Let {e;}F_, U {53-};?_1 be the standard basis for V = CPT9. Denote the coordinate functions for this basis as ; and yj- A
polynomial f € B(V) = Clz,, yj] is said to be even supersymmetric if :

(i) f is symmetric in x; and Yj separately and invariant under sign changes of x; and Yjs
(i) f(X4e —65)=f(X)ifa;+yj=0fori=1,....p,j=1,...,q.
‘We denote the subring of even supersymmetric polynomials as AO(V),
Il (i) <= invariance under (Sp X Z§) X (Sq X Z%) but (ii) is no longer group invariance (not even linear).

In fact, one may use a suitable Weyl groupoid action to capture (i & ii).
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Main Results

Shimura
00000000000

1. v :3 — P(hb*): the usual Harish-Chandra isomorphism on the center 3 C i(; This is the map that captures how the center

acts on any highest weight module (generated by one vec with nice properties)
2. h:=a@P £+: Cartan subalgebra of g containing a;

3. Res: the restriction map induced from the decomposition h = a § .
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Main Results

1. v :3 — P(hb*): the usual Harish-Chandra isomorphism on the center 3 C i(; This is the map that captures how the center

acts on any highest weight module (generated by one vec with nice properties)

2. hb:=a®d £+: Cartan subalgebra of g containing a;

3. Res: the restriction map induced from the decomposition h = a § .

We have 7 : 3 — uf - @ = ut/(ue)t.
3 —T—®

1T

A(h*) Res Ao(q*)

Main point: check ,,{0 o 7 = Res 0y on a Zariski dense set!
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Main Results

1. v :3 — P(hb*): the usual Harish-Chandra isomorphism on the center 3 C i(; This is the map that captures how the center

acts on any highest weight module (generated by one vec with nice properties)

2. hb:=a®d £+: Cartan subalgebra of g containing a;

3. Res: the restriction map induced from the decomposition h = a § .

We have 7 : 3 — uf - @ = ut/(ue)t.
3 —T—®

1T

A(h*) Res Ao(q*)

Main point: check ,,{0 o 7 = Res 0y on a Zariski dense set! The set of highest weights of f.d. irreducible & spherical g-mods.
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Main Results

Zy — zm

[ b

Y(Zp) 2 ()

Theorem B (Sahi-—7Z. [SZ25

The map 7 is surjective. In particular, there exists Z), € 3 such that w(Zy) = Dy, (So 2y, = w(Dy) can be captured by some central
element!)

Let Iy := 4 ®L1(q) W be the generalized Verma module for q = ¢ & p+.

Theorem C (Sahi—Z. [SZ25

The central element Zy, acts on I by O when X 2 p.
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Main Results

We have 7%(2p) = kpJp where by = (~DWI T ey (g — 3+ wf — i+ 1).

Sketch of the proof of Theorem A.

1. Commutative diag. =—- *yo(-zr(Z“)) = Res(v(Zy)). The LHS is just 70(9“)4
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Main Results

We have 7%(2p) = kpJp where by = (~DWI T ey (g — 3+ wf — i+ 1).

Sketch of the proof of Theorem A.

1. Commutative diag. =—- *yo(-zr(Z“)) = Res(v(Zy)). The LHS is just 70(9“)4

2. 7%(2u)(X + p) = Res 0v(Zu)(X + p)
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Main Results

We have 7%(2p) = kpJp where by = (~DWI T ey (g — 3+ wf — i+ 1).

Sketch of the proof of Theorem A.

1. Commutative diag. =—- *yo(-zr(Z“)) = Res(v(Zy)). The LHS is just 70(9“)4
2. 7%(2u)(X + p) = Res 0v(Zu)(X + p)

3. By Theorem C, Z, acts by 0 on Iy for A /%(u@ B;%;::?_ agts on a cyclig\ xféodule gx%tly by v. Thus
m p) = ra 3 .
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Main Results

1veorem A

We have 7%(2p) = kpJp where by = (~DWI T ey (g — 3+ wf — i+ 1).

1. Commutative diag. =—- *yo(-zr(Z“)) = Res(v(Zy)). The LHS is just 70(9“)4

2. 7%(2u)(X + p) = Res 0v(Zu)(X + p)

3. By Theorem C, Z, acts by 0 on Iy for A /%(uj )()\ 3 agts %n fa cyf]lli module gx%tly by v. Thus
w p) = 0, for a ",

4. We use the theory of super Jack polynomials ([SVO05]) to pin down kj by comparing leading terms.
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Main Results

3 —T— D

7| Il»y"
o : x Afpr) —Eets A%Gax)
1. Choose explicit coordinates on h* and a™®, and explicit generators of the algebra of supersymmetric polynomials ([Ste85]) to
show the surjectivity of Res.

2. Diagram chase. The set of the highest h-weights that guarantee to give a spherical irreducible g-module is Zariski dense (we
gave an independent argument. C.f. [AS15], a partial generalization of the Cartan—Helgason Theorem).

0
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Main Results

heorem C

The central element Z;, acts on I by 0 when X 2 78
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Main Results

Theorem C

The central element Z;, acts on I by 0 when X 2 78

Sketch of the proof of Theorem C.

LIy =UQyq) WA =S )W, =@ (W; ® WA) (as e-modules).
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Main Results

Theorem C

The central element Z;, acts on I by 0 when X 2 78

Sketch of the proof of Theorem C.

LIy = U q) Wa = 6(p)® Wy =@ (W) ®W,) (as t-modules).

2. Spherical: I§ C Wi ® W with dim 1% = 1.
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Main Results

Theorem C

The central element Z;, acts on I by 0 when X 2 78

Sketch of the proof of Theorem C.

LIy = U q) Wa = 6(p)® Wy =@ (W) ®W,) (as t-modules).
2. Spherical: I§ C Wi ® Wy with dim 1§ = 1.

3. Rep map W, ® I)B\ — Iy has image homomorphic to W,.
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Main Results

Theorem C

The central element Z;, acts on I by 0 when X 2 78

Sketch of the proof of Theorem C.

LIy = U q) Wa = 6(p)® Wy =@ (W) ®W,) (as t-modules).
2. Spherical: I§ C Wi ® Wy with dim 1§ = 1.
3. Rep map W, ® I)B\ — Iy has image homomorphic to W,.

4. Homy(Wy, Iy) = {0} for X 2 p.
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Main Results

heorem C

The central element Z;, acts on I by 0 when X 2 78

Sketch of the proof of

LIy = U q) Wa = 6(p)® Wy =@ (W) ®W,) (as t-modules).
2. Spherical: I§ C Wi ® Wy with dim 1§ = 1.
3. Rep map W, ® I)B\ — Iy has image homomorphic to W,.

4. Homy(Wy, Iy) = {0} for X 2 p.

o

Dy = X &;n; for & € W and n; € Wy. So Dy I% = {0} = 9,,.1% .
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Main Results

reorem C

The central element Z;, acts on I by 0 when X 2 78

LIy =UQyq) WA =S )W, =@ (W; ® W)\) (as e-modules).

2. Spherical: I§ C Wi ® W with dim 1% = 1.
3. Rep map W, ® I)B\ — Iy has image homomorphic to W,.

4. Homy(Wy, Iy) = {0} for X 2 p.

o

Dy = X &;n; for & € W and n; € Wy. So Dy I% = {0} = 9,,.1% .

6. Z, also acts by 0. But Z;, € 3 so it acts by 0 everywhere!
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Main Results

reorem C

The central element Z;, acts on I by 0 when X 2 78

LIy =UQyq) WA =S )W, =@ (W; ® WA) (as e-modules).

2. Spherical: I§ C Wi ® W with dim 1% = 1.

3. Rep map W, ® I)B\ — Iy has image homomorphic to W,.

4. Homy(Wy, Iy) = {0} for X 2 p.

5. Dy =X &m; for £ € W and 1; € Wy So Dol = O} = Gpolye

6. Z, also acts by 0. But Z;, € 3 so it acts by 0 everywhere! O

The main thing is that Iy has t-highest weight and is infinite dimensional. We don’t know by what “polynomial” 2, acts on 1§
directly!
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